We discuss the relationship between the A 1 -homotopy sheaves of A n \ 0 and the problem of splitting off a trivial rank 1 summand from a rank n vector bundle. We begin by computing π
Introduction
This paper is motivated in part by the following classical question: if X is a smooth affine variety of dimension d over a field k, under what conditions does a rank r vector bundle on X split as the direct sum of a rank r − 1 vector bundle and a trivial bundle of rank 1 (briefly: when does a rank r vector bundle split off a trivial rank 1 bundle)? The main idea of this paper, which is the third in The word contraction in the theorem refers to a well-known construction of Voevodsky. If F is a sheaf of abelian groups, then its contraction F −1 is defined by F −1 (X) := ker F(X × G m ) → F(X) where the map is induced by the morphism X → X × G m defined by x → (x, 1).
Remark 4. To be clear, this computation actually goes beyond Murthy's splitting conjecture. If X is a smooth affine d-fold over an infinite perfect field k having characteristic unequal to 2, and E is a rank d − 1 vector bundle on X, then there is a primary "Euler class" obstruction to splitting off a trivial rank 1 summand from E. In the special case where d = 4, when this primary obstruction vanishes, our computations involving homotopy sheaves yield a secondary characteristic class whose vanishing is necessary and sufficient to establish the existence of a splitting. In fact, the proof of Theorem 2 amounts to showing, under the additional hypothesis that k is algebraically closed, that i) the primary obstruction can be identified with the vanishing of the third Chern class, and ii) the secondary characteristic class always vanishes; we refer the reader to the beginning of Section 6 and Remark 6.3.2 for a discussion of this point of view. It would be interesting to know whether this secondary characteristic class can be described using cohomology operations. We pursue this approach in [AF13b] .
Remark 5. The assumption that k has characteristic unequal to 2 in Theorem 2 comes by way of Theorem 3 and our appeal to the machinery of Grothendieck-Witt theory in its proof. At the moment, we do not know how to remove this assumption, and thus Conjecture 1 remains open in this case.
As mentioned earlier, the space A d \ 0 is a motivic sphere, and the computation above, together with the parallels in algebraic topology, hint at an extraordinarily rich structure in its unstable A 1 -homotopy sheaves. The results above exemplify how this structure is reflected in the splitting problem for projective modules. We draw the reader's attention to some tantalizing features of the above computation. The Grothendieck-Witt sheaf GW 3 4 that appears corresponds to the part of the A 1 -homotopy sheaf detected by the "degree" homomorphism in Hermitian K-theory, though we defer a detailed explanation of this connection to a subsequent paper [AF14c] . On the other hand, the kernel of the surjective map to the Grothendieck-Witt sheaf is closely related to the motivic version of the classical J-homomorphism. In a sense we will make precise (see Proposition 5.2.1 and Corollary 5.3.1), the 24 that appears is the "same" 24 that intervenes in the third stable homotopy group of the classical sphere spectrum (see [Hu59, Theorem 16 .4]): our computation therefore mixes together topological information about the homotopy groups of spheres and arithmetic information about the base-field and its finitely generated extensions!
The sheaf I 5 contained in the sheaf T 5 appearing in Theorem 3 appears to be a purely unstable phenomenon (see Corollary 5.4.1 and Remark 5.4.2); detailed analysis of this phenomenon is deferred to [AF14d] . Up to this contribution from I 5 , the sheaf π A 1 3 (A 3 \ 0) is an extension of two sheaves that are of "stable" provenance (in the sense of stable A 1 -homotopy theory [Mor04, §5] ). While we cannot yet compute the groups π A 1 d (A d \ 0) for d > 3, based on the analogy with classical unstable homotopy groups of spheres, we still expect these sheaves to stabilize in a suitable sense: they should be an extension of a (subsheaf of a) Grothendieck-Witt sheaf by an appropriate Milnor 1 Introduction K-theory sheaf modulo 24. A precise conjecture on the structure of π A 1 d (A d \0) is given in [AF13c] . Moreover, the phenomenon that π A 1 d (A d \ 0) is an extension of two "stable" pieces in the known examples, together with computations from classical unstable homotopy theory [Tod62, Mah67] , hint at the existence of a meta-stable range for A 1 -homotopy sheaves of A d \ 0.
Detailed description of contents
The computation of π A 1 3 (A 3 \ 0) involves a number of ingredients, some of which are established in greater generality than actually required for the applications to projective modules envisioned in this paper. Section 2 begins with a short survey of some terminology and results from A 1 -homotopy theory. Section 3 quickly reviews aspects of the theory of Grothendieck-Witt groups, including geometric representability results in the A 1 -homotopy category and closes with a cohomology computation; this computation is one of the key ingredients in the proof of Theorem 2.
Section 4 begins by establishing a "stable range" for the A 1 -homotopy sheaves of GL 2n /Sp 2n in the sense of [Bot59] . The main goal of the section is then to compute the first non-stable A 1 -homotopy sheaf of GL 2n /Sp 2n and to provide a brief comparison with corresponding results in classical algebraic topology. Our use of the terminology "non-stable" for the homotopy sheaves under consideration follows [Ker60] and is meant to indicate that we are outside the "stable range" mentioned previously. The computation of the first non-stable homotopy sheaf of GL 4 /Sp 4 (really SL 4 /Sp 4 ) effectively yields Theorem 3, but the result in the text (i.e., Theorem 4.4.1) contains a discussion of some finer points of equivariant structures that intercede in subsequent cohomological computations.
Section 5 is devoted to analyzing the computation of π A 1 3 (A 3 \ 0) in greater detail. The fiber sequences of Section 4 identify π A 1 3 (A 3 \ 0) as an extension of a Grothendieck-Witt sheaf by the sheaf we called F 5 above. The main goal of this section is to understand the origins of the F 5 factor. In a sense we make more precise, the factor of F 5 is "generated" by a map we call δ.
Finally, Section 6 studies the problem of splitting a trivial rank 1 summand off a vector bundle by means of the techniques of obstruction theory. We first identify the primary obstruction to splitting in Proposition 6.3.1. For rank d−1 vector bundles on a smooth affine d-fold, we formulate a general cohomological vanishing conjecture that implies Murthy's splitting conjecture in Corollary 6.3.3. Theorem 2 is then proven by establishing the vanishing theorem alluded to above in the case d = 4.
Preliminaries and notation
In this section, we discuss some preliminary results that will be used in the sequel. Fix a field k, which, throughout the paper, we will assume to be perfect; the latter hypothesis is necessitated by our repeated appeals to Theorem 2.2.1. The careful reader might also want to assume that k is infinite because the current proofs of Theorem 2.2.1 rely on [Mor12, Lemma 1.15], which states without proof a generalization of Gabber's presentation lemma, a result that normally assumes k infinite. In some theorem statements, e.g., those appealing implicitly or explicitly to GrothendieckWitt theory, further assumptions on k, e.g., that it have characteristic unequal to 2 will be made.
Write Sm k for the category of schemes that are smooth, separated and have finite type over Spec k.
Preliminaries on A
1 -homotopy theory 
Equivalently, the category H (k) can be obtained as the homotopy category of the "motivic" model structure on the category of simplicial presheaves on Sm k described in [DRO03, §2] ; this equivalent presentation will be useful at some points. In particular, in the motivic model structure by [DRO03, Corollary 2.16], motivic weak equivalences and motivic fibrations with motivically fibrant codomains are closed under filtered colimits. Thus, in this setting, formation of homotopy fibers commutes with formation of filtered colimits.
Sometimes, for notational compactness it will be helpful to suppress base-points from the notation. We write S i s for the constant sheaf on Sm k associated with the simplicial i-sphere, and G m will always be pointed by 1.
If X is any space, the sheaf of A 1 -connected components π A 1 0 (X ) is the Nisnevich sheaf associated with the presheaf U → [U, X ] A 1 . More generally, the A 1 -homotopy sheaves of a pointed space (X , x), denoted π A 1 i (X , x) are defined as the Nisnevich sheaves associated with the presheaves
We caution the reader that this convention for bigraded homotopy sheaves differs from some others in the literature. For i = j = 0, the morphism of sheaves π A 1 0,0 (X , x) → π A 1 0 (X ) obtained by "forgetting the base-point" is an isomorphism. Example 2.2.3 (Unramified sheaves). If U is a smooth scheme, with function field k(U ), we write
Strictly
consisting of elements that are unramified at each codimension 1 point of U (see, e.g., [Mor05a, §2.2] for more details). The assignment U → K M i (U ) defines a sheaf K M i for the Nisnevich topology. That the sheaf K M i is strictly A 1 -invariant is proven in [Ros96, Corollary 6.5, Proposition 8.6]. It follows that K M i /n, which is the cokernel of the multiplication by n map, is again a strictly A 1 -invariant sheaf.
Example 2.2.4 (Unramified sheaves related to Witt groups). In the same spirit, the presheaf U → W ur (U ) of unramified Witt groups is a sheaf for the Nisnevich topology, which is strictly A 1 -invariant by [Pan10, Theorem 1.1]; we write W for this sheaf. For any integer n, the assignments U → I n ur (U ) ⊂ W ur (U ) also define Nisnevich sheaves I n (when n = 1, we drop the superscript); we refer to these sheaves as unramified powers of the fundamental ideal, and they are strictly 
Contracted sheaves
For any smooth k-scheme U , the unit map Spec k → G m yields a morphism U → U × G m . If A is a strictly A 1 -invariant sheaf, the sheaf A −1 is then defined by 
Twists of strictly
Given any smooth scheme X and any strictly A 
Twists of strictly A 1 -invariant sheaves
In formulating the obstructions to lifting, we will, in analogy with the situation in classical topology, be forced to consider the analog of cohomology with coefficients in a local system. In the context of the splitting problem, the "local systems" that appear are "line bundle twists of strictly A 1 -invariant sheaves." If F/k is a field extension, and a ∈ F × , following the discussion of [Mor12, p. 51] we set a = 1 + η[a]. The assignment a → a defines, by [Mor12, Lemma 3.5(4)], for any smooth
Suppose A is a strictly A 1 -invariant sheaf. Any sheaf of the form A −1 is equipped with an action of G m which factors through an action of
Assume that A carries an action of G m . If X is a smooth scheme and L is an invertible O X -module with associated line bundle L, write L • for the G m -torsor underlying L, i.e., the complement of the zero section in L. Set 
Grothendieck-Witt sheaves and geometric Bott periodicity
In this section, we begin by briefly recalling some facts about Grothendieck-Witt groups, a.k.a. Hermitian K-theory, which is the algebro-geometric analog of topological KO-theory. Our main sources are [Sch10a, Sch10b, ST13] . From the standpoint of this paper, the most important fact about these groups that we will use is that Grothendieck-Witt groups are representable in the A 1 -homotopy category by explicit ind-algebraic varieties, which provide algebro-geometric models for the spaces appearing in the classical Bott periodicity theorem. The A 1 -homotopy sheaves of the spaces representing Grothendieck-Witt groups are denoted GW j i and we describe and study several equivalent versions of a natural action of G m on these sheaves. Explicit information about this action is required in the proof of Theorem 2 because we will need to consider cohomology with coefficients in Grothendieck-Witt sheaves twisted by a line bundle as described in Subsection 2.4. We end our discussion with a computation of H n Nis (X, GW n−1 n ) (and its twisted versions) for any smooth scheme X.
Definitions
Let X be a smooth scheme over a field k of characteristic different from 2 (we keep these assumptions throughout the section, though it is not necessary for some of the arguments). For every such X, and any line bundle L on X, one has an exact category with weak equivalences and
is the category of bounded complexes of locally free coherent sheaves on X, weak equivalences are given by quasiisomorphisms of complexes, ♯ L is the duality functor induced by the functor Hom O X ( , L), and the natural transformation ̟ L : 1 → ♯ L ♯ L is induced by the canonical identification of a locally free sheaf with its double dual. The (left) translation (or shift) functor T :
Associated with an exact category with weak equivalences and (strong) duality is a GrothendieckWitt space and higher Grothendieck-Witt groups, obtained as homotopy groups of the GrothendieckWitt space [Sch10b, §2.11]. We write
for the Grothendieck-Witt space of the example described in the previous paragraph.
Since 2 is invertible in k by assumption, the Grothendieck-Witt groups defined above are a Waldhausen-style version of hermitian K-theory as defined by M. Karoubi [Kar73, Kar80] in the case of affine schemes (see [Sch10a, Remark 4 .16] or [Hor02] ). In particular, given a smooth kalgebra R there are identifications of the form
, where the groups U i (R) and −1 U i (R) are Karoubi's U -groups, and GW n i is 4-periodic in n.
Classifying spaces
We will frequently use the Karoubi periodicity exact sequences [Sch12, Theorem 6.1]:
which are defined for any i, j ∈ N and any line bundle L over X. Here, the maps H i,j :
are the forgetful morphisms and η is multiplication by a distinguished element in GW
If G is a simplicial Nisnevich sheaf of groups, we write BG for the usual simplicial classifying space of G (see [MV99, §4.1]) and BG for a fibrant model of BG. As usual, BG can be described as EG/G where EG is a simplicially contractible space with a free action of G.
If G is a linear algebraic group, then by [MV99, §4 Proposition 1.15], the space BG classifies Nisnevich locally trivial G-torsors in H Nis s (k). In particular, if P → X is a Nisnevich locally trivial G-torsor over a smooth scheme X, there is a (well-defined up to simplicial homotopy) morphism X → BG such that P is the pullback of the universal G-torsor over BG [MV99, §4, Proposition 1.15].
Geometric representability
For any j ∈ N, write GW j for a simplicially fibrant model of the presheaf X → GW(C b (X), qis, ♯ j , ̟ j ).
As Grothendieck-Witt groups satisfy Nisnevich descent and are A 1 -homotopy invariant, the spaces
for the Nisnevich sheaf on Sm k associated with the presheaf U → GW
We have therefore obtained the following result. We now review the explicit geometric model for the space Ω 1 s GW 3 provided by [ST13] .
Remark 3.3.1 (Quotients). In the sequel, we will discuss quotients of smooth schemes X by the free action of a (reductive) linear algebraic group G . A priori, there are two things we could mean by "quotient." First, one could consider the quotient of the representable sheaf X by the action of the sheaf of groups G as a Nisnevich sheaf. Alternatively, if X is a smooth quasi-projective variety and G is a reductive algebraic group acting (scheme-theoretically) freely on X, then a geometric quotient X/G exists as a smooth scheme [MFK94, Chapter 1]. If G is special, i.e., all G-torsors are Zariski locally trivial, which happens for G = GL n , SL n or Sp 2n , then the quotient map X → X/G is Zariski locally trivial. Using Zariski local sections one deduces that the quotient of the representable sheaf X by the representable sheaf G computed in the category of Nisnevich sheaves coincides with the representable sheaf associated with X/G, i.e., the notation X/G is unambiguous.
As usual, write GL := colim m∈N GL m where the transition maps GL m ֒→ GL m+1 are obtained by sending an invertible m × m matrix M to the block (m + 1) × (m + 1)-matrix
Similarly, write Sp := colim m∈N Sp 2m where the maps Sp 2m → Sp 2m+2 are obtained my mapping a symplectic 2m × 2m matrix M to the block (2m + 2) × (2m + 2)-symplectic matrix
Taking the colimit of the standard inclusions Sp 2m → GL 2m yields a map Sp → GL and therefore a map BSp → BGL. Taking the cartesian product with the multiplication by 2 map Z → Z, we obtain a map KSp → KGL which we refer to as the forgetful map.
It follows from [Wen11, Proposition 5.2] that the inclusions Sp
for any m ∈ N and thus, passing to the colimits and using [DRO03, Corollary 2.16], an A 1 -fiber sequence
It follows from this Proposition and Theorem 2.2.1 that the sheaf GW j i is strictly A 1 -invariant for i ≥ 2. In fact, the sheaves GW j i are strictly A 1 -invariant for i < 2 as well; this follows, e.g., from the stable representability of Grothendieck-Witt groups [Hor05, PW10] .
Contractions of Grothendieck-Witt sheaves
Recall the definition of the contraction of a sheaf from Subsection 2.3. 
Proof. The proof of [Sch12, Theorem 9.13] relies on the Mayer-Vietoris long exact sequence [Sch12, Theorem 9.6]. It suffices to observe that both the hyperbolic and the forgetful homomorphisms induce morphisms of Mayer-Vietoris sequences, which is a consequence of the construction.
While the negative K-theory of a smooth scheme is trivial, smooth schemes can have non-trivial negative Grothendieck-Witt groups. As a consequence, iterated contractions of Grothendieck-Witt sheaves need not be trivial. The next result shows that, nevertheless, for certain values of the indices, repeated contraction of Grothendieck-Witt sheaves does produce the trivial sheaf. 
Actions of G m
For any scheme X and any integers i, j ∈ N, there is a multiplication map
Composing these two maps defines, functorially, an action of the sheaf G m on the sheaves GW One can also define a sheaf on the smallétale site of X as the Nisnevich sheaf associated with the presheaf U → GW j i (U, L| U ). It follows from the references just provided, that this sheaf also coincides with GW j i (L) and thus the notation is unambiguous. We now provide an alternate "more geometric" action of G m on GW 3 i . For any ring R and any unit λ ∈ R × , write γ 2n,λ for the invertible 2n × 2n matrix defined inductively by setting γ 2,λ := diag(λ, 1) and γ 2n,λ := γ 2n−2,λ ⊥ γ 2,λ . Conjugation by γ −1 2n,λ yields an action of G m on GL 2n for any n ∈ N.
The transition maps GL 2n → GL 2n+2 defined above are equivariant for this action, it follows that GL = colim n GL 2n is also endowed with an action of G m . Since conjugation by γ −1 2n,λ preserves Sp 2n (R), there is an induced action of G m on the quotient GL 2n /Sp 2n for which the quotient map is G m -equivariant. Again, the transition maps GL 2n /Sp 2n → GL 2n+2 /Sp 2n+2 are G m -equivariant and it follows that both Sp and GL/Sp are endowed with G m -actions. In particular, since the homotopy sheaves of GL/Sp are the Grothendieck-Witt sheaves GW 3 i by Proposition 3.3.2, passing to homotopy sheaves we obtain action maps
for any i ≥ 1. We will refer to this action of G m on GW Proof. In rough outline the proof goes as follows: we identify GL/Sp as the simplicial homotopy fiber of a map BSp → BGL, describe the multiplicative and conjugation actions on BSp and BGL individually, and construct a homotopy between these two actions compatible with the map BSp → BGL. This homotopy may be lifted to the simplicial homotopy fiber to provide a homotopy between the multiplication and conjugation actions there.
First, we recall the construction of another model of the space BGL. To this end, suppose R is a smooth k-algebra. Write F ev for the symmetric monoidal category whose objects are evenrank (finitely generated) free R-modules and where morphisms are isomorphisms. The inclusion ι : F ev ֒→ P into the symmetric monoidal category P of all (finitely generated) projective R- Next, we recall a construction of a model for the space BSp. Write h 2n for the standard hyperbolic space of dimension 2n over R. Write S for the symmetric monoidal category whose objects are h 2n and where morphisms are isometries. Write M for the symmetric monoidal category whose objects are pairs (P, ϕ), where P is a (finitely generated) projective R-module equipped with a non-degenerate skew-symmetric form ϕ and with morphisms given by isometries and, as above, is the map hocolim n∈N BAut(h 2n ) → (S −1 S ) 0 defined on objects by n → (h 2n , h 2n ) and takes f ∈ Aut(h 2n ) to (1, f ). Again, the map BS −1 S → BM −1 M is a weak equivalence on smooth local k-algebras R because all non-degenerate skew-symmetric forms over R are hyperbolic. Now, we argue as in [AF14b, Lemma 4.7]. First, observe that the multiplication action on BSp can be given at the space level by the following construction. For t ∈ R × , we define a strict symmetric monoidal functor · ⊗ t : M → M on objects by (P, ϕ) ⊗ t := (P, tϕ) and act by the identity on morphisms. The induced action of t ∈ R × on (M −1 M ) 0 , which can be identified with (S −1 S ) 0 sends (h 2n , h 2n ) to (h 2n ⊗ t , h 2n ⊗ t ) and (f, g) → (f, g).
Second, recall the homotopy between the multiplication and conjugation actions on BSp. To
Bounding
where the top map is induced by conjugation with γ 2n,t and the bottom map is the action of t on (S −1 S ) 0 described above. While this diagram is not strictly commutative, it is commutative up to natural isomorphism as observed in [AF14b, Lemma 4.7]. Thus, the action of conjugation by γ 2n,t is homotopic to the multiplication by t. Third, observe that the multiplication action on BGL is trivial. Indeed, there is a symmetric monoidal functor S → F ev given by forgetting the hyperbolic form. The composite of · ⊗ t with the forgetful functor is the identity functor on F ev . The argument used in the previous paragraph, repeated in the context of BGL, shows that the conjugation action on BGL is trivial up to homotopy. Finally, observe that one can take as a model of GL/Sp the simplicial homotopy fiber of the
We thus obtain a description of the multiplication action on GL/Sp by restriction. By the compatibility of the actions just constructed with the forgetful map, the homotopy between the multiplication and conjugation actions on BSp restricts to a homotopy between the corresponding actions on GL/Sp, which provides the required identification.
Let X be a smooth scheme of dimension d and let L be a line bundle over X. We now compute the cohomology group H n Nis (X, GW 
Observe that the sheaves that appear in the above sequence admit Gersten resolutions by the discussion of Subsection 2.4. We set A(L) := Im(H n,n−1 ), and
Again, the sheaves A(L) and B(L) admit Gersten-resolutions. Taking n = 3 in (3.6.1), we obtain an exact sequence of the form:
this sequence is precisely [AF14b, Sequence (4.3)] and this observation is used implicitly in the subsequent proofs.
Computing
Notation 3.6.1. For any smooth scheme X and any integer n ∈ N, set Ch n (X) := CH n (X)/2 where CH n (X) is the Chow group of codimension n cycles on X.
If K Q n /2 is the mod 2 Quillen K-theory sheaf, i.e., the cokernel of the multiplication by 2 map K
Lemma 3.6.2. The hyperbolic morphism H n,n−1 :
Proof. The proof of [AF14b, Lemma 4.13] applies mutatis mutandis.
Lemma 3.6.3. The (n − 3)rd contraction of the hyperbolic morphism
Proof. This follows from [AF14b, Lemmas 4.13-4.15].
By definition, there is a short exact sequence of strictly A 1 -invariant sheaves of the form:
Taking cohomology and applying Lemmas 3.6.2 and 3.6.3, one obtains the following result.
Proposition 3.6.4. If k is a field having characteristic unequal to 2, and if X is a smooth k-scheme, there is an exact sequence of the form
Ch n−1 (X) ∂ −→ Ch n (X) −→ H n Nis (X, GW n−1 n (L)) −→ 0.
Computing
While Proposition 3.6.4 is strong enough to imply the vanishing statement that appears in the course of our verification of Theorem 2, it is not hard to identify the connecting homomorphism ∂ explicitly. The remainder of the section is devoted to this task; the discussion of this section will not be used explicitly elsewhere in the paper. Recall that one can define Steenrod operations Sq 2 :
If L is an invertible O X -module, write c 1 (L) for its first Chern class in Ch 1 (X), and define twisted Steenrod operations
by Sq 2 L (α) = Sq 2 (α) + c 1 (L) · α. Theorem 3.7.1. Let X be a smooth scheme over a field k such that char(k) = 2. For any n ∈ N, there is an exact sequence of the form
Proof. If n = 0, then the result follows from [FS08, Lemma 4.1]. In case n ≥ 1, we first observe that Ch n−1 (X) is generated by the classes of integral subvarieties Y of codimension n − 1 in X. If C is the normalization of Y , then we have a finite morphism i : C → Y ⊂ X. If necessary, by removing points of codimension ≥ 2 in C and n + 1 in X (which, by inspection of the Gersten resolution, will not change the cohomology groups in which we are interested), we can assume that C is smooth. The rest of the proof is identical to that of [AF14b, Theorem 4.17].
Some homotopy sheaves of classical symmetric spaces
In this section, we study the A 1 -homotopy sheaves of GL 2n /Sp 2n . In Proposition 4.2.2, we establish a "stable range" for π A 1 i (GL 2n /Sp 2n ) by analyzing the connectivity of the stabilization morphism GL 2n /Sp 2n → GL/Sp (see Subsection 3.3 for recollections about the latter space). In Theorem 4.3.1, we give a computation of the first non-stable A 1 -homotopy sheaf of GL 2n /Sp 2n . This computation yields, in particular, the computation of π A 1 3 (A 3 \ 0) mentioned in Theorem 3. However, the more general computation has other applications, e.g., to obstructions to existence of algebraic symplectic structures on smooth varieties.
The sheaf of connected components of GL 2n /Sp 2n
We first study the A 1 -connected components of GL 2n /Sp 2n . Next, to show that SL 2n /Sp 2n is A 1 -connected, it suffices by [Mor05b, Lemma 6.1.3] to show that for every finitely generated extension L/k the simplicial set Sing A 1 * (SL 2n /Sp 2n )(L) is connected. Since the morphism SL 2n → SL 2n /Sp 2n is an epimorphism of Nisnevich sheaves, the connectedness of the simplicial set Sing A 1 * (SL 2n /Sp 2n )(L) follows from the connectedness of the simpicial set Sing A 1 * (SL 2n )(L), which is a consequence of the fact that any element of SL 2n (L) can be written as a product of elementary matrices.
Since the morphism GL 2n /Sp 2n −→G m splits, it follows that π A 1 0 (GL 2n /Sp 2n ) = π A 1 0 (G m ) = G m , and this completes the verification of the lemma. Since G m is A 1 -discrete, i.e., π A 1 0 (G m ) ∼ = G m and higher A 1 -homotopy sheaves of G m for any choice of base-point are trivial, and since SL/Sp is A 1 -connected, the result follows.
The practical consequence of the above statements is that the A 1 -homotopy theory of the map GL 2n /Sp 2n → GL/Sp is reduced to studying the map X n → X ∞ .
Stabilization fiber sequences involving X n
Now, we study the map X n → X n+1 . Following the development of ideas from classical topology, we will identify X n as the A 1 -homotopy fiber of a morphism X n+1 → A 2n+1 \0. To accomplish this we first provide an alternative geometric model for X n+1 . Begin by considering the commutative diagram
where the top horizontal map is defined (functorially) by sending a symplectic matrix M to the block-diagonal matrix diag(M, Id 2 ), the bottom horizontal map sends a matrix M of determinant 1 to the block-diagonal matrix diag(M, 1), the left-hand map is determined by the fact that the composite Sp 2n → Sp 2n+2 → SL 2n+2 factors through SL 2n+1 and the right-hand vertical map is the standard inclusion. It is straightforward to check that this square is cartesian. Since Sp 2n+2 acts transitively on SL 2n+2 /SL 2n+1 , and the stabilizer of the identity coset is Sp 2n , we conclude that there exists an isomorphism of schemes SL 2n+2 /SL 2n+1 ∼ = Sp 2n+2 /Sp 2n . Analogously, we can deduce the following result, which provides our alternative model for X n+1 .
Lemma 4.2.1. For any integer n ≥ 1, the map SL 2n+1 → SL 2n+2 induces an isomorphism of schemes SL 2n+1 /Sp 2n ∼ = X n+1 .
The following result provides a description of the connectivity of the A 1 -homotopy fiber of the stabilization map X n → X n+1 , together with some complements. 
Therefore, the map X n → X n+1 is (2n − 2)-A 1 -connected, and the map X n → SL/Sp is (2n − 2)-
i+1 for i ≤ 2n − 2 and there is an exact sequence of the form
Proof. For the first statement, observe that we have a fiber sequence
by [Wen11, Proposition 5.2]. Now, Lemma 4.2.1 yields an isomorphism X n+1 ∼ = SL 2n+1 /Sp 2n . For the second statement, observe first that projecting a matrix to its last column defines a map SL 2n+1 /SL 2n → A 2n+1 \ 0 whose fibers are affine spaces. This map is thus an A 1 -weak equivalence. Now A 2n+1 \ 0 is (2n − 1)-A 1 -connected by [Mor12, Theorem 6.38 and Remark 6.42]. The third statement follows from the second by induction on n, and the fourth statement follows from the previous three together with Corollary 4.1.3 by looking at the long exact sequence in homotopy sheaves attached to the stated A 1 -fiber sequence and using the fact that 
The first non-stable sheaf
The goal of this section is to identify the cokernel of the morphism π 
Proof. Recall first that X n can be identified as the A 1 -connected component of the base point in GL 2n /Sp 2n . It follows that π A 1 2n−1 (X n ) = π A 1 2n−1 (GL 2n /Sp 2n ). By means of Proposition 3.3.2, the exact sequence in Proposition 4.2.2 takes the form
and we set
It remains to describe F 2n+1 (here F stands for "forgetful") as a quotient of T 2n+1 . To this end, observe that the morphism χ 2n+1 : GW
By [AF14a, Lemma 3.13], the morphism
where the first arrow is the stabilization morphism
On the other hand, the stabilization morphism
is an isomorphism by Proposition 4.2.2. Now, the commutative square of spaces
yields a commutative square of sheaves of the form:
, where the bottom arrow is H 3,2n+1 by [ST13, Theorem 8.4]. Since the left-hand vertical map is surjective, it follows that the commutative triangle (4.3.1) induces a commutative triangle
18], and we obtain an epimorphism T 2n+1 → F 2n+1 as claimed.
Remark 4.3.2. Given an oriented vector bundle V of rank 2n on a smooth affine variety Y , the obstruction for V to carry a non-degenerate symplectic form can be analyzed using the above results. Indeed, V gives rise to a map Y → BSL 2n and constructing a non-degenerate symplectic form on V is equivalent to lifting this map to a map Y → BSp 2n . The obstruction to the existence of such a lifting is governed by the homotopy fiber of BSp 2n → BSL 2n which is precisely X n . The above computation of π A 1 i (X n ) provides sufficient information to apply the machinery of obstruction theory, as described in Section 6, to study this problem when d ≤ 2n.
Equivariance with respect to G m -actions
With the exception of SL 2n+1 , all the spaces appearing in Diagram (4.2.1) are endowed with the action of G m defined in Subsection 3.5. It is easy to check that the conjugation by γ −1 2n+2,λ on SL 2n+2 preserves the subgroup SL 2n+1 . With respect to the induced action on SL 2n+1 , all the maps in Diagram (4.2.1) are G m -equivariant, and the isomorphism SL 2n+2 /Sp 2n+2 ∼ = SL 2n+1 /Sp 2n of Lemma 4.2.1 is G m -equivariant as well.
With respect to the G m -actions just mentioned, it follows that the A 1 -fiber sequence of Proposition 4.2.2 is G m -equivariant. Thus, the exact sequence of sheaves appearing in the same proposition is also an exact sequence of G m -equivariant sheaves. By definition, the action of G m on
2n is the conjugation action described in Subsection 3.5. By Proposition 3.5.1, the conjugation action coincides with the multiplicative action of G m .
It remains only to identify the action of G m on π A 1 2n (SL 2n+1 /SL 2n ) that is induced by G maction on SL 2n+1 /SL 2n just considered. For this, observe that the map SL 2n+1 /SL 2n → A 2n+1 \0 given by sending a matrix to its last column can be made G m -equivariant by equipping A 2n+1 \ 0 with the G m -action given by the following formula:
Arguing as in [AF14b, Lemma 4.8], we see that the action of
is trivial if n is even, while it is the one coming from multiplication by
Putting everything together, the G m -action on the sheaf F 2n+1 of Theorem 4.3.1 is then simply the trivial action if n is even and the multiplicative action if n is odd.
Specializing this discussion to the case n = 2, we obtain the following result, which is the main computation of homotopy sheaves used in the remainder of the paper. In the previous section, we described the sheaf π A 1 3 (A 3 \ 0) as an extension of the GrothendieckWitt sheaf GW 3 the "topological" origin of the sheaf F 5 . While it is not explicit in the statement of Theorem 4.4.1, since the sheaf F 5 admits an epimorphism from T 5 , T 5 is a fiber product of S 5 and I 5 over K M 5 /2, and S 5 admits an epimorphism from K M 5 /24, the number "24" appears naturally in the description of F 5 . We will see that the number 24 appearing in the description of F 5 is the "same" as the 24 the appears in the third stable homotopy group of spheres. We place the word "topological" in quotes because the initial computations we make are purely algebraic before studying what happens under real and complex realization.
Structure of the contractions of F 5
The computation of Theorem 4.4.1 can be refined to provide more detailed information about F 5 : the next result shows that the epimorphism T 5 → F 5 becomes an isomorphism after repeated contraction (see Subsections 2.3 and 3.4 for a discussion of contractions). At that point, we should point out that neither F 5 nor T 5 are known explicitly before contracting them several times.
Lemma 5.1.1. For any even integer n ∈ N, the epimorphism
and there is a cartesian square of the form:
here the lower horizontal map factors the canonical quotient morphism
Proof. Contracting Diagram (4.3.2) 2n-times and using Lemmas 3.4.1 and 3.4.2, we obtain a commutative triangle of the form
, it suffices to show that H 3,1 is surjective to prove our claim. Since all sheaves involved are strictly A 1 -invariant, it suffices to check this on sections over fields (see Subsection 2.2). In fact, by [FRS12, Lemma 2.3], the induced map on sections over fields is an isomorphism. The fact that (T 2n+1 ) −2n sits in a Cartesian square of the stated form is then a direct consequence of [AF14a, Corollary 3.11].
Remark 5.1.2. It seems that the epimorphism T 2n+1 → F 2n+1 does not, in general, become an isomorphism after (2n − 1)-fold contraction. Indeed, consider the morphism T 5 → F 5 . If we contract this morphism 3 times, the map H 0,2 : K Q 2 → GW 0 2 has the constant sheaf ±1 as cokernel and it is quite possible that it contributes to the image of (χ 5 ) −3 . See also the next remark.
Remark 5.1.3. In classical topology, the first few non-stable homotopy groups of X n (C) were computed in [Har63] . In particular, if n is even, then π 4n (X n (C)) = Z/(2n!), while if n is odd, then 5.2 GW -module structures π 4n (X n (C)) = Z/((2n!)/2). Complex realization gives a morphism
The group π A 1 2n−1,2n+1 (X n ) can be computed by contracting the result of Theorem 4.3.1 (2n + 1) times. Since (GW 3 2n ) −2n−1 = W 1−2n is trivial by [BW02, Proposition 5.2], it follows that π A 1 2n−1,2n+1 (X n ) = (F 2n+1 ) −2n−1 , and furthermore there is an epimorphism from (T 2n+1 ) −2n−1 onto this group. The latter contraction was discussed in detail in [AF14a, Corollary 3.11], where it was established that (T 2n+1 ) −2n−1 = Z/(2n!). The classical computation suggests that, when n is even, the homomorphism T 2n+1 → F 2n+1 is an isomorphism, while if n is odd then it has a non-trivial kernel.
GW -module structures
By [Mor12, Corollary 6.43], we know that there is a ring isomorphism
(the ring structure comes from composition). Therefore, precomposing with elements of
(k)-module structure for any pointed space X , and this module structure is covariantly functorial in X by construction. In particular π .61] shows that the unit map in the previous paragraph induces an isomorphism upon applying π 3,j for any j ≥ 0. In particular, the morphism
is an isomorphism. Using this notation, we can now describe the K M W 0 (k)-module structure of
Proposition 5.2.1. There is a canonical isomorphism
and 
4 ) −5 = 0 by Propositions 4.2.2 and 3.4.3, it follows from the long exact sequence in A 1 -homotopy sheaves associated with the A 1 -fiber sequence X 2 → X 3 → SL 5 /SL 4 and the identification X 2 ≃ A 3 \ 0 that the morphism K
is an epimorphism. In other words,
By exactness of contractions, and the fact that (GW 3 4 ) −5 = 0, it follows that
The result follows from Lemma 5.1.1.
Complex realization
If k = C, we observe that
On the other hand, X 3 (C) ∼ = (SL 6 /Sp 6 )(C) ∼ = SU (6)/Sp(6). We can then apply the complex realization functor to the A 1 -fiber sequence
While complex realization does not in general send A 1 -fiber sequences to fiber sequences, the sequence of spaces obtained by taking complex points happens to be a topological fiber sequence. Thus, after shifting, we obtain a topological fiber sequence of the form
By precomposing the map Ω 1 S 9 → S 5 with the suspension map S 8 → Ω 1 Σ 1 S 8 , we obtain a map S 8 → S 5 , which we want to identify. The long exact sequence in homotopy groups of the above fiber sequence yields:
We know that π 8 (SU (6)/Sp(6)) ∼ = π 8 (SU/Sp) = π 8 (U/Sp), and by Bott periodicity, we know that π 8 (U/Sp) = π 10 (O) = π 2 (O) = 0. In other words, the portion of the long exact sequence displayed above collapses to the surjection
One knows that π 8 (S 5 ) is Z/24 and it follows from the above that the map S 8 → S 5 can be taken to be a generator. On the other hand, π 8 (S 5 ) has a classical generator Σν top where ν top is the topological Hopf map. It follows that, up to multiplication by a unit in Z/24, the generator we constructed coincides with Σν top .
Real realization
Corollary 5.3.1. Under complex realization, the homomorphism
is an isomorphism sending the class of the map δ to uΣν top , where ν top : S 7 → S 4 is the topological Hopf map and u ∈ Z/24 × is a unit.
Proof. By Proposition 5.2.1, we know that π A 1 3,5 (A 3 \ 0) ∼ = Z/24 × Z/2 W(k). As a consequence, complex realization yields a homomorphism Z/24 −→ Z/24. Moreover, we saw before the statement that the generator of (the topological) Z/24 is precisely the connecting homomorphism in the fibration associated with the complex points of X 2 → X 3 → A 5 \ 0. Since this connecting homomorphism is algebraically defined, and δ is a generator of π A 1 3,5 (A 3 \ 0)(C), it follows that complex realization maps the algebraic generator to the topological generator and is therefore an isomorphism.
Remark 5.3.2. We interpret this result as saying that the 24 that appears in π A 1 3 (A 3 \0) is the "same" as that appearing in the third stable homotopy group of the spheres.
We can compute the homotopy groups of the real points as well to study real realization. We view this computation as providing an explanation for the appearance of W in π A 1 3,5 (A 3 \ 0). Up to A 1 -homotopy, the fiber sequence X 2 → X 3 → SL 5 /SL 4 yields the sequence
which, upon taking real points, gives the topological fiber sequence
A computation using Bott periodicity shows that π 3 (SO(6)/U (3)) = π 3 (O/U ) = π 4 (O) = 0. As a consequence, the map π 3 (Ω 1 S 4 ) → π 3 (S 2 ) in the long exact sequence is an isomorphism. Thus the composite map S 3 → Ω 1 S 4 → S 2 is precisely the classical Hopf map η.
Corollary 5.4.1. For any j ≥ 0, real realization defines a surjective map
Proof. We can compute π A 1 3,j (A 3 \ 0) by contracting π A 1 3 (A 3 \ 0) j-times. To prove surjectivity, we will consider only F 5 , i.e., the kernel of the map π A 1 3 (A 3 \0) → GW . By definition, we know that F 5 admits an epimorphism from T 5 , which is a fiber product of S 5 and I 5 over K M 5 /2. Moreover, the map T 5 → F 5 is injective on I 5 . Contracting repeatedly and using the fact that I i (R) = Z for any i ≤ 5 (by convention I i = W for i ≤ 0), we see that π A 1 3,j (A 3 \ 0)(R) is non-trivial. The real realization of the connecting homomorphism lifts the generator of π 3 (S 2 ) by the discussion preceding the statement.
Remark 5.4.2. The above computation shows that the sheaf I 5 appearing in the description of F 5 is an avatar of the topological Hopf map η : S 3 → S 2 . Since the topological Hopf map η becomes 2-torsion in π 4 (S 3 ), we expect that the factor of I 5 appearing in π A 1 3 (A 3 \ 0) will become trivial after a single simplicial suspension, i.e., in π A 1 4 (P 1 ∧3 ). In particular, it should follow that π A 1 4,5 (P 1 ∧3 ) = Z/24.
Obstruction theory and the splitting problem
In this section, we explain in detail the obstruction theoretic computations required to reduce the splitting problem to the computation of A 1 -homotopy sheaves. We then explain how the computation of π A 1 3 (A 3 \ 0) yields the statement of the introduction. By [Mor12, Theorem 8.1] we know that if X is a smooth affine k-scheme, then [X, BGL n ] A 1 is canonically in bijection with the set of isomorphism classes of rank n vector bundles on X. Consider the morphism i n : GL n → GL n+1 defined by mapping an invertible n × n-matrix M to the block-diagonal matrix diag(M, 1), and the induced morphism BGL n → BGL n+1 . We study the Moore-Postnikov factorization of this map. In the context of A 1 -homotopy theory, the MoorePostnikov factorization is discussed in [Mor12, Appendix B] . For the convenience of the reader, Subsection 6.1 contains the precise form of the tower we use, and Subsection 6.2 provides details of the construction in the special case we consider. The remainder of the section is devoted to explicit cohomological identifications of the obstructions that appear in this setting.
Moore-Postnikov factorizations in A
1 -homotopy theory
is a pointed morphism of spaces, we can, roughly speaking, apply the Postnikov tower construction to the A 1 -homotopy fiber of f to obtain an inductively defined sequence of obstructions to lifting. In the setting of simplicial homotopy theory, the Moore-Postnikov factorization of a map is described in [GJ09, Chapter VI]. In the situation we consider, the space B will have a non-trivial A 1 -fundamental sheaf of groups and the A 1 -fibration f will have the property that the action of π A 1 1 (B, b) on the homotopy groups of the A 1 -homotopy fiber is non-trivial. A detailed analysis of Moore-Postnikov factorizations in this "non-simple" case can also be found in [Rob72] . For the convenience of the reader, we review the relevant statements we need here.
If G is a (Nisnevich) sheaf of groups, and A is a (Nisnevich) sheaf of abelian groups on which G acts, there is an induced action of G on the Eilenberg-Mac Lane space K(A, n) that fixes the base-point. In that case, we set K G (A, n) := EG × G K(A, n) (see Subsection 3.2 and [Mor12, Appendix B.2]). Projection onto the first factor defines a morphism K G (A, n) → BG that is split by the inclusion of the base-point of K(A, n). To simplify the notation, we will suppress base-points in A 1 -homotopy sheaves in the sequel. 
having the following properties:
ii) The morphisms
are isomorphisms for n ≤ i and an epimorphism for n = i + 1.
iii) The morphisms
induced by h (i) are isomorphisms for n > i + 1, and a monomorphism for n = i + 1.
The morphisms p (i) are A 1 -fibrations with A 1 -homotopy fiber K(π A 1 i (F ), i) for any i ≥ 0, and p (i) is a twisted A 1 -principal fibration, i.e., there is a unique (up to A 1 -homotopy) morphism
called a k-invariant sitting in an A 1 -homotopy pullback square of the form
where the map
is given by inclusion of the base point.
Given a smooth scheme X, if X + is X with a disjoint base-point attached, we use the forgetful map to identify the set of pointed maps X + → B with the set of unpointed maps X → B. Given a map f : X → B, Theorem 6.1.1 gives an inductively defined sequence of obstructions to lifting f to a mapf : X → E. Assume we are given a map f (i) : X → E (i) , the A 1 -homotopy cartesian square of Theorem 6.1.1 shows f (i) lifts to a map f (i+1) : X → E (i+1) if and only if the composite map
lifts through a map X → Bπ A 1 1 (B). The composite map X → K π A 1 1 (B) (π A 1 i (F ), i + 1) admits a cohomological interpretation, which we now describe. Composing this map with the projection map
Bπ A 1 1 (B), we obtain a map X → Bπ A 1 1 (B), which, in turn, yields a π A 1 1 (B)-torsor P. The action of π A 1 1 (B) on π A 1 i (F ) is then used to equip π A 1 i (F ) with the structure of a Z[π A 1 1 (B)]-module. We can then consider the twisted sheaf: i (F )(P)). If the resulting element of this group is trivial, we may choose a lift to the next stage of the Moore-Postnikov tower. As explained in [AF14b, §6] , the set of lifts can be described as a quotient of the cohomology group H i Nis (X, π A 1 i (F )(P)). If X is a smooth scheme, then X has finite Nisnevich cohomological dimension coinciding with its Krull dimension dimX. As a consequence, if we can lift X → B to a map X → E (i) for some i > dimX, the next obstruction to lifting necessarily vanishes, and the subsequent choice of lift is uniquely specified, i.e., there is a unique lift of the given map to a map X → E (i+1) , and the map
is a bijection. Combining this with point (iv) of Theorem 6.1.1 allows us to conclude that [X, E] A 1 → [X, E (i)) ] A 1 is a bijection for any i > dim X.
Specializing to
We now specialize the discussion of Theorem 6.1.1 to the situation mentioned in the introduction, i.e., consider the morphism BGL n → BGL n+1 induced by the homomorphism of algebraic groups GL n → GL n+1 sending an invertible matrix M to the block-diagonal matrix diag(M, 1). By [Aso13, Lemma 3.10] the determinant homomorphism yields an isomorphism π A 1 1 (BGL n ) ∼ → G m . Since BSL n is A 1 -1-connected by [Mor12, Theorems 6.50 and 7.20], one knows that BSL n is A 1 -weakly equivalent to a universal A 1 -cover of BGL n . Therefore, there is an induced action of G m on π A 1 i (BSL n ), and this action coincides with the action of G m ∼ = π A 1 1 (BGL n ) on π A 1 i (BGL n ) modulo identifications, which we now explicate.
Take EGL n /SL n as a model for the A 1 -universal cover of GL n : indeed the natural map EGL n /SL n → EGL n /GL n is, by means of the isomorphism GL n /SL n ∼ = G m , a G m -torsor and, therefore, an A 1 -covering space by [Mor12, Lemma 7.5]. As the map BSL n = ESL n /SL n → EGL n /SL n is a simplicial weak equivalence, it follows that EGL n /SL n is an A 1 -universal covering of BGL n by [Mor12, Theorem 7.8]. Consider the splitting δ : G m → GL n given by t → (t, 1, . . . , 1) . The action of G m on EGL n /SL n can be modified by a homotopy using an argument similar to that in the proof of Proposition 3.5.1, as we now explain.
First, let us give a simplicial description of the space EGL n /SL n . If R is a smooth k-algebra, let M • be the groupoid with one object • such that Aut(•) = SL n (R), and let M be the groupoid whose objects are the cosets in GL n (R)/SL n (R) and where Hom M (A, B) = {M ∈ GL n (R)|M · BSL n+1
where the left vertical morphism is an isomorphism. We are interested in the action of the sheaf G m ∼ = π A 1 1 (BGL n+1 ) on GL n+1 /GL n . As the map BGL n → BGL n+1 induces an isomorphism π A 1 1 (BGL n ) ∼ = π A 1 1 (BGL n+1 ), the pullback of the universal cover of BGL n+1 is also the universal cover of BGL n . Therefore, the action of G m on the universal cover of BGL n is the one induced by the action of G m on BSL n and BSL n+1 . As the homotopy constructed in the previous paragraph is compatible with the inclusion BSL n → BSL n+1 , the induced homotopical action on SL n+1 /SL n coincides with the conjugation action. The map SL n+1 /SL n → A n+1 \ 0 induced by projection onto the last column is an A 1 -weak-equivalence; if we equip the source with the conjugation action of G m , and the target with the G m -action defined by t · (x 1 , . . . , x n+1 ) = (t −1 x 1 , . . . , x n+1 ), this A 1 -weak equivalence is G m -equivariant. The formula just given for the action shows that the G m -action on π A 1 n (A n+1 \ 0) ∼ = K M W n+1 (again, use [Mor12, Theorem 6.40] for this identification) is the action described in Subsection 2.4.
Next, fix a vector bundle ξ : E → X of rank n + 1, and consider the classifying morphism X → BGL n+1 ; abusing notation, this classifying map will also be called ξ. The π A 1 1 (BGL n+1 ) = G m -torsor appearing in Subsection 6.1 is, by construction, the composite map X → BGL n+1 → BGL
(1) n+1 = BG m and this map classifies the G m -torsor underlying the determinant line bundle det ξ. It follows that, assuming we already have a lift to the ith stage of the Moore-Postnikov tower of BGL n → BGL n+1 , the next obstruction to lifting ξ to a map X → BGL n is an element
By [Mor12, Corollary 6.43], the space A n+1 \ 0 is (n − 1)-A 1 -connected and the first potentially non-trivial obstruction to lifting is o n,n+1 (ξ); we refer to this obstruction as the primary obstruction to lifting.
Since o n,n+1 (ξ) is uniquely determined by its image in H n+1 Nis (X, K M n+1 ), it suffices to understand the image o n,n+1 of o n,n+1 (E n+1 ) in H n+1 (BGL n+1 , K M n+1 ). Since we identified BGL n+1 with the infinite Grassmannian Gr n+1 , it follows that the image of o n,n+1 (E n+1 ) in the group H n+1 (BGL n+1 , K M n+1 ) is given by an element of H n+1 (Gr n+1 , K M n+1 ) ∼ = CH n+1 (Gr n+1 ) ∼ = Z [Tot99, §15]. It follows that o n,n+1 is a multiple of the n + 1-st Chern class c n+1 (E n+1 ), which is a generator of CH n+1 (Gr n+1 ). Thus the image of o n,n+1 (ξ) in H n+1 (X, K M n+1 ) is an integer multiple of c n+1 (ξ) and the result follows.
